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We consider the first order form of the Einstein-Hilbert action and quantize it using the path
integral. Two gauge fixing conditions are imposed so that the graviton propagator is both trace-
less and transverse. It is shown that these two gauge conditions result in two complex Fermionic
vector ghost fields and one real Bosonic vector ghost field. All Feynman diagrams to any order in
perturbation theory can be constructed from two real Bosonic fields, two Fermionic ghost fields and
one real Bosonic ghost field that propagate. These five fields interact through just five three point
vertices and one four point vertex.
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I. INTRODUCTION
It has been shown with both Yang-Mills (YM) action and the Einstein-Hilbert (EH) action for gravity, that by using
the first order form of the action, there is only a single vertex arising from the classical action and this is independent
of momentum [1–5]. This simplifies the computation of loop diagrams, even though the number of propagating fields
is increased.
It has also been shown that imposing both the conditions of tracelessness and transversality on the spin two
propagator associated with the EH action requires use of a non-quadratic gauge fixing Lagrangian [6–10]. Such gauge
fixing results in the need to consider the contributions of two complex Fermionic ghosts and one real Bosonic ghost
analogous to the usual complex “Faddeev-Popov” ghosts.
In this paper we consider how the full first order Einstein-Hilbert (1EH) action can be used in conjunction with the
transverse-traceless (TT) gauge. We will show that the spin two propagator is TT only if the gauge fixing parameter
α is allowed to vanish. This limit for α results in a well defined set of Feynman rules with two propagating Bosonic
fields, two complex Fermionic ghost fields, one real Bosonic ghost, three three-point vertices for the Bosonic fields and
four ghost vertices.
II. THE TT GAUGE FOR THE 1EH ACTION
The Einstein-Hilbert action in first order (Palatini) form
S =
∫
ddx
√−ggµνRµν(Γ) (2.1)
when written in terms of the variables
hµν =
√−ggµν (2.2a)
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2and
Gλµν = Γ
λ
µν −
1
2
(
δλµΓ
σ
νσ + δ
λ
νΓ
σ
µσ
)
(2.2b)
becomes
S =
∫
ddxhµν
(
Gλµν ,λ +
1
d− 1G
λ
λµG
σ
σν −GλµσGσνλ
)
. (2.3)
This “Palatini” form of the action facilitates a canonical analysis of S [11]. It is equivalent to the second order form
of the EH action at both the classical and quantum levels [5]. The diffeomorphism invariance of S in Eq. (2.1) leads
to the local gauge transformations
δhµν = hµλ∂λθ
ν + hνλ∂λθ
µ − ∂λ(hµνθλ) (2.4a)
δGλµν = −∂2µνθλ +
1
2
(
δλµ∂ν + δ
λ
ν ∂µ
)
∂ρθ
ρ − θρ∂ρGλµν
+ Gρµν∂ρθ
λ − (Gλµρ∂ν +Gλνρ∂µ) θρ (2.4b)
The term bilinear in h and G in Eq. (2.3) does not lead to a well defined propagator, irrespective of the choice of
gauge fixing. However, upon making an expansion of hµν about a flat background
hµν = ηµν + φµν(x) (ηµν = diag(+−−− . . . )) (2.5)
the term bilinear in φ and G arising from Eq. (2.3) does have a well defined propagator once an appropriate gauge
fixing is chosen. These bilinear terms are the first order form of the action for a spin two field [11].
In order to have a TT propagator for the spin two field we must consider a general gauge fixing Lagrangian that is
not quadratic [6]. If the classical Lagrange density appearing in Eq. (2.3) is L(hµν , Gλµν), then this entails inserting
into the generating functional
Z[jµν , J
µν
λ ] =
∫
DφµνDGλµν exp i
∫
ddx
(L(η + φ,G) + jµνφµν + Jµνλ Gλµν) (2.6)
two factors of “1”
1 =
∫
Dθi δ
(
F˜ i(φ+A˜θi)− pi
)
det( F˜ iA˜ ); (i = 1, 2) (2.7)
where φ = (φµν , Gλµν). The gauge transformations of Eq. (2.4) are of the form
δiφ = A˜θi (2.8)
and the gauge fixing conditions are
F˜ iφ = 0. (2.9)
Insertion of a third factor of “1” that is of the form
1 =
1
(piα)d
∫
Dp1Dp2 exp
−i
α
∫
ddx(pT1 N˜ p2) det( N˜ ) (2.10)
into Eq. (2.6) leads to
Z[j] =
∫
Dφ det( F˜ 1A˜ ) det( F˜ 2A˜ ) det( N˜ /piα)
∫
Dθ1Dθ2
exp i
∫
ddx
{
L(φ)− 1
α
[
F˜ 1(φ+A˜θ1)
]T
N˜
[
F˜ 2(φ+A˜θ2)
]
+ jT · φ
}
; (j ≡ (jµν , Jµνλ )). (2.11)
3Since the gauge transformation of Eq. (2.8) leaves L(φ), Dφ and det( F˜ iA˜ ) invariant [12, 13], we can make the
shift
φ→ φ−A˜ (θ+ + θ−) (2.12)
in Eq. (2.11) (θ± ≡ (θ1 ± θ2)/2) leaving us with
Z[j] =
∫
DφDθ− det( F˜ 1A˜ ) det( F˜ 2A˜ ) det( N˜ )
exp i
∫
ddx
{
L(φ)− 1
α
[
F˜ 1(φ+A˜ (1− )θ−)
]T
N˜
[
F˜ 2(φ−A˜ (1 + )θ−)
]
+ jT · φ
}
. (2.13)
A factor 1/(piα)d/2
∫ Dθ+ has been absorbed into the normalization of Z. We now choose the gauge fixing to be
F˜ iφ = gi∂ρφµµ + ∂µφµρ (2.14a)
and
N˜ = ηµν/2. (2.14b)
The gauge fixing contribution of Eq. (2.13) becomes[
F˜ 1(φ+A˜ (1− )θ−)
]T
N˜
[
F˜ 2(φ−A˜ (1 + )θ−)
]
= ( F˜ 1φ)T N˜ ( F˜ 2φ) + (2 − 1)
{[
θT− +
1
2
φT
(
−(1 + ) F˜ T1 N˜ F˜ 2 + (1− ) F˜ T2 N˜ F˜ 1
)
A˜(
(A˜T F˜ T1 N˜ F˜ 2A˜ )−1/(2 − 1)
)][
A˜T F˜ T1 N˜ F˜ 2A˜
]
[
θ− +
1
2
(
(A˜T F˜ T1 N˜ F˜ 2A˜ )−1/(2 − 1)
)
A˜T
(
−(1 + ) F˜ T2 N˜ F˜ 1 + (1− ) F˜ T1 N˜ F˜ 2
)
φ
]}
− 1
4(2 − 1)φ
T
(
−(1 + ) F˜ T1 N˜ F˜ 2 + (1− ) F˜ T2 N˜ F˜ 1
)
A˜ (A˜T F˜ T1 N˜ F˜ 2A˜ )−1A˜T(
−(1 + ) F˜ T2 N˜ F˜ 1 + (1− ) F˜ T1 N˜ F˜ 2
)
φ (2.15)
(In Eq. (2.15) we use the convention ∂T = −∂.)
Provided  6= ±1, the shift in θ−
θ− → θ− − 1
2
(
(A˜T F˜ T1 N˜ F˜ 2A˜ )−1/(2 − 1)
)
A˜T
(
−(1 + ) F˜ T2 N˜ F˜ 1 + (1− ) F˜ T1 N˜ F˜ 2
)
φ (2.16)
can be made to diagonalize Eq. (2.15) in θ− and φ. In Refs. [6–8]  = ±1 and a shift in φ was used to diagonalize
the gauge fixing, but as such a shift is not a gauge transformation, L(φ) is not invariant under this transformation
and new vertices involving φ and θ− must be introduced. We take  6= ±1 in order to be able to make a shift in θ−
that eliminates mixed propagators for these fields without introducing extra vertices.
Together Eqs. (2.15) and (2.16) result in
Z[j] =
∫
DφDθ− det( F˜ 1A˜ ) det( F˜ 2A˜ ) det( N˜ )
exp i
∫
ddx
{
L(φ)− 1
α
( F˜ 1φ)T N˜ ( F˜ 2φ) −
1
α(2 − 1)θ
T
−(A˜T F˜ T1 N˜ F˜ 2A˜ )θ−
+
1
4α(2 − 1)φ
T
(
−(1 + ) F˜ T1 N˜ F˜ 2 + (1− ) F˜ T2 N˜ F˜ 1
)
A˜ (A˜T F˜ T1 N˜ F˜ 2A˜ )−1
A˜T
(
−(1 + ) F˜ T2 N˜ F˜ 1 + (1− ) F˜ T1 N˜ F˜ 2
)
φ+ jT · φ
}
. (2.17)
4The integral over θ− can now be evaluated in Eq. (2.17); it results in a contribution
det−1/2( F˜ 1A˜ ) det−1/2( N˜ ) det−1/2( F˜ 2A˜ ). (2.18)
We now treat the last term in Eq. (2.17) as an interaction term. Due to its structure, the two fields φ that occur
explicitly (A˜ also is φ dependent on account of Eq. (2.4a)) are contracted with a propagator for φµν and a factor of
X˜ where
Xµν,λσ ≡
(
−(1 + ) F˜ T2 N˜ F˜ 1 + (1− ) F˜ T1 N˜ F˜ 2
)
µν,λσ
=
1
2
(g1 − g2) (∂µ∂νηλσ − ηµν∂λ∂σ)
+ 
[
g1g2ηµνηλσ∂
2 +
g1 + g2
2
(∂µ∂νηλσ + ηµν∂λ∂σ)
+
1
4
(∂µ∂ληνσ + ∂ν∂ληµσ + ∂µ∂σηνλ + ∂ν∂σηµλ)
]
(2.19)
by Eq. (2.14).
We know from Refs. [6–8] that as α→ 0, the propagator for the field φµν that comes from L(φ)− 1α ( F˜ 1φ)T N˜ ( F˜ 2φ)
is transverse and traceless in the limit α→ 0 provided g1 6= g2. Only terms of order α are not transverse and traceless.
Thus, on account of the structure of Eq. (2.19), the contribution of the vertex coming from the last term in Eq. (2.17)
vanishes as α→ 0, even though this vertex is proportional to 1/α. There is on exception to this; when a sequence of
these vertices lies in a ring, then a finite contribution arises in the limit α→ 0. To see this in more detail, write this
last term in Eq. (2.17) as
1
α
φTV˜φ =
1
α
φT(X˜ TA˜ )
(A˜T F˜ T1 N˜ F˜ 2A˜ )−1
4(2 − 1) A˜TX˜ φ. (2.20)
A ring in which a sequence of these vertices occurs results in a contribution proportional to
Tr
{[
1
αX˜ TA˜ (A˜T F˜ T1 N˜ F˜ 2A˜ )−1A˜TX˜
]
D˜
[
1
αX˜ TA˜ (A˜T F˜ T1 N˜ F˜ 2A˜ )−1A˜TX˜
]
D˜
. . .
[
1
αX˜ TA˜ (A˜T F˜ T1 N˜ F˜ 2A˜ )−1A˜TX˜
]
D˜
}
, (2.21)
where D˜ is the propagator of φ. From Eq. (2.19) it is apparent that since when α→ 0 D˜ is transverse and traceless,
then X˜D˜ is of order α; since we have a factor of 1/α for each factor of X˜D˜ on account of these vertices occurring in
a ring, we can let
lim
α→0
1
α
X˜D˜ = X˜D˜ (0). (2.22)
Furthermore, a contribution of a closed loop of these vertices can be written as
det−1/2
[
X˜ TA˜ (A˜T F˜ T1 N˜ F˜ 2A˜ )−1A˜TX˜D˜ (0)
]
= det 1/2( F˜ 1A˜ ) det 1/2( N˜ ) det 1/2( F˜ 2A˜ ) det−1/2(A˜TX˜D˜ (0)X˜ TA˜ ). (2.23)
Together Eqs. (2.18) and (2.23) reduce Eq. (2.17) to
Z[j] = lim
α→0
∫
Dφdet( F˜ 1A˜ ) det( N˜ ) det( F˜ 2A˜ ) det−1/2(A˜TX˜D˜ (0)X˜ TA˜ )
exp i
∫
ddx
{
L(φ)− 1
α
( F˜ 1φ)T N˜ ( F˜ 2φ) + jT · φ
}
(2.24)
5provided g1 6= g2. The functional determinants in Eq. (2.24) can be exponentiated using “ghost” fields; det( F˜ iA˜ )
(i = 1, 2) using complex Fermionic “Faddeev-Popov” ghosts ci [14–17], det( N˜ ) by a complex Fermionic Nielsen-Kalosh
ghost [18, 19] and det−1/2(A˜TX˜D˜ (0)A˜ ) by a real Bosonic ghost ζ. By Eq. (2.4a), it follows that
(A˜θ)µν = [∂µηνρ + ∂νηµρ − ∂ρηµν + (φµσ∂σηνρ + φνσ∂σηµρ + ∂ρφµν)] θρ. (2.25)
Using Eqs. (2.19) and (2.25) and the propagator for φ given in Ref [6] we find that the contribution that is bilinear
in the ghost ζis given by
4p2ζµ
{
2p2ηµν +
[(
g1g2(d− 2)2 − (g1 + g2)(d− 2)
)
(2 − 1)− 1] pµpν} ζν (2.26)
which becomes
4p42ζµη
µνζν . (2.27)
when
g1 = −g2 = 1
(d− 2)√1− 2 . (2.28)
Similarly, the vertex for φµν(p) – ζα(q) – ζβ(r) comes from
1
2
{[
(d− 2)g1(− 1)2 + (d− 2)g2((+ 1)2 − 2
]
qµqα
(
pβqν + rβqν − 2qβrν)
+ 2q2qµ
[
2rνηαβ − pβηαν + rβηαν]
+ q2
(
2rνqαηµβ − pβqαηµν − rβqαηµν) [g1(+ 1)2 + g2(− 1)2 − 2g1g2(d− 1)(+ 1)2]
+ 2q2ηµν
(
2rνqβ − pβqν − rβqν)}+ (µ↔ ν) + (α↔ β; q ↔ r). (2.29)
Finally, a vertex for φµ1ν1(p) – φµ2ν2(q) – ζα(r) – ζβ(s) can also be worked out. The vertices φ – φ – ζ – ζ and
φ – ζ – ζ are both quartic in the external momenta.
The two complex “Faddeev-Popov” ghosts c1 and c2 and the real Bosonic ghost ζ reduce to a single complex
Fermionic Faddeev-Popov ghost c = c1 + ic2 if we deal with a quadratic gauge fixing Lagrangian when F˜ 1 = F˜ 2.
If we now define Mµνλ
piτ
σ (h) by the equation
hµν
(
1
d− 1G
λ
λµG
σ
σν −GλσµGσλν
)
=
1
2
Mµνλ
piτ
σ (h)G
λ
µνG
σ
piτ (2.30)
then the shift
Gλµν → Gλµν +M−1λµνσpiτ (η)φpiτ,σ (2.31)
in L(φ) in Eq. (2.22) leads to
L(φ) = −1
2
φµν,λM
−1λ
µν
σ
piτ (η)φ
piτ
,σ +
1
2
GλµνM
µν
λ
piτ
σ (η)G
σ
piτ
+
1
2
(
Gλµν + φ
αβ
,ξ M
−1ξ
αβ
λ
µν(η)
)
Mµνλ
piτ
σ (φ)
(
Gσpiτ +M
−1σ
piτ
ζ
γδ(η)φ
γδ
,ζ
)
(2.32)
so that off diagonal propagators φ − G are eliminated. However, two new momentum dependent vertices now arise.
They are φ− φ− φ and φ− φ−G.
With the gauge fixing of Eq. (2.14) we find from Ref. [6] that the propagator for the field Gλµν is
λ
µν
ρ
piτ =
1
4
ηλρ
(
ηµτηνpi + ηµpiηντ − 2
d− 2ηµνηpiτ
)
−1
4
(
δλτ δ
ρ
µηνpi + δ
λ
τ δ
ρ
νηµpi + δ
λ
piδ
ρ
νηµτ + δ
λ
piδ
ρ
µηντ
)
(2.33a)
6The propagator for φµν is [6]
µ ν λσ
k
=
1
k2
{
ηµληνσ + ηµσηνλ − 2(g1 − g2)
2 + 2(g1 + 1)(g2 + 1)α
∆
ηµνηλσ
+ (α− 1) 1
k2
[kµkληνσ + (µ↔ ν) + (λ↔ σ)]
+ 2
(g2 − g1)2 + [4(g1 + 1)(g2 + 1)− g2 − g1 − 2]α
∆
1
k2
[kµkνηλσ + kλkσηµν ]
+
1
∆
[
4α
[
(g1 + g2)(d− 4) + (2g1g2 + 1)(d− 3)−
(
g21 + g
2
2
)
(d− 1)]
+ 2(d− 2) [(g1 − g2)2 − α2(4(g1 + 1)(g2 + 1)− 1)]] 1
k4
kµkνkλkσ
}
, (2.33b)
where ∆ = (d− 1)(g1 − g2)2 + 2(d− 2)(g1 + 1)(g2 + 1)α. When α→ 0 (g1 6= g2) this becomes the transverse-traceless
propagator.
For the real fields ci we have
µ ν
k = D
(i)
µν =
(d− 2)gikµkν
k2[(d− 2)gi − 1] − η
µν
k2
. (2.33c)
The vertices are given by
µν , p
i, q, α
j, r, β
=
δij
4
[−pβqνηµα − rβqνηµα − gipβqαηµν
− girβqαηµν + 2girνqαηµβ + (q, α)↔ (r, β)
]
+ µ↔ ν (2.34a)
µν
αβ
λ
γδ
σ
=
1
8
{[(
δβµδ
δ
νδ
α
λ δ
γ
σ
d− 1 − δ
β
µδ
δ
νδ
α
σ δ
γ
λ + µ↔ ν
)
+ α↔ β
]
+ γ ↔ δ
}
+ (λ, α, β)←→ (σ, γ, δ) (2.34b)
γδ
σ p
q µν
r αβ
=
irθ
4
{[(
1
d− 1δ
γ
µδ
δ
σDθαβρνρ − δγµDθαβδνσ + µ↔ ν
)
+ α↔ β
]
+ γ ↔ δ
}
+ (q, α, β)←→ (r, µ, ν) (2.34c)
µν p
q αβ
r γδ
=
qκrθ
8
{[(
DκαβpiµσDθγδσνpi −
1
d− 1D
κ
αβ
σ
µσDθγδpiνpi + µ↔ ν
)
+ α↔ β
]
+ γ ↔ δ
}
+ six permutations of (p, µ, ν) (q, α, β) (r, γ, δ) (2.34d)
If g1 = g2, we cannot recover the TT propagator from Eq. (2.33b) even if α→ 0 [6].
7For the Bosonic ghost ζµ we have a propagator and vertices that follow from Eqs. (2.27) and (2.28).
The arguments used in ref. [12, 13] can be used to show that when using a non-quadratic gauge fixing Lagrangian,
physical results are independent of the gauge choice.
Beginning with the insertion of Eq. (2.7) into Eq. (2.6), we have
Z[j] =
∫
Dφ
∫
Dθ1Dθ2 exp i
∫
ddx [L(φ) + j · φ]
δ( F˜ 1(φ+A˜θ1)− p1)δ( F˜ 2(φ+A˜θ2)− p2)
det( F˜ 1A˜ ) det( F˜ 2A˜ ). (2.35)
We can now insert into this equation a further factor of “1”
1 =
∫
D~ωδ( F˜ 3(φ+A˜ω)− ~q) det( F˜ 3A˜ ) (2.36)
and then by interchanging ω and θ1, and p1 and q we see that F˜ 1 and F˜ 3 are interchanged without altering Z[j],
demonstrating that Z is independent of the gauge fixing condition.
It would be interesting to derive a set of WTST and BRST identities associated with the gauge transformation of
Eq. (2.4) and the gauge choices of Eq. (2.14).
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